Abstract. In this paper we clarify an issue in the knot surgery construction of Fintushel and Stern. Using knot surgery, they construct an infinite number of smooth structures on 4-manifolds satisfying certain conditions, but they do not explicitly work out the circumstances under which two manifolds that arise from their construction will fail to be diffeomorphic on the grounds of Seiberg-Witten theory. This paper fills in that gap.
In their paper [1] , Fintushel and Stern produce infinite families of homeomorphic but non-diffeomorphic 4-manifolds using a technique they call knot surgery, whereby the neighborhood of a torus is replaced with something homologically equivalent, but smoothly "knotted". Remarkably this process does not change the homeomorphism type of a 4-manifold, and equally remarkable is the effect on the Seiberg-Witten invariant.
For the purposes of this paper, we shall think of the Seiberg-Witten invariant of X, denoted SW X as an element of the group ring Z[H 2 (X)]. This usage will be clarified below.
Specifically, Fintushel and Stern prove the following:
Theorem 1 ([1, Theorem 1.1]). Let T be an embedded torus in a simply connected 4-manifold X with [T ] 2 = 0 and let K be a knot in S 3 . Suppose further that π 1 (X \ T ) = 1. Then X is homeomorphic to the knot surgered manifold manifold
, the only requirement on the gluing being that the longitude of K be taken to the meridian of T .
Moreover, SW XK is obtained from SW X via multiplication by the symmetrized Alexander polynomial of K:
What is not prima facie evident from this result is that knots with two different Alexander polynomials will always give non-equivalent knot surgeries. The purpose of this note is to clarify and resolve this issue. Consider the following illustrative example: Suppose X is a 4-manifold containing two tori, T 1 and T 2 , representing different homology classes such that there is a self-diffeomorphism of X taking T 1 to T 2 . For a fixed knot K, do knot surgery on T 1 and T 2 forming X 1 and X 2 . Clearly knot surgery can be performed in such a way that these manifolds are diffeomorphic, but note that their Seiberg-Witten invariants, as elements in Z[H 2 (X)], will be different. According to the knot surgery formula, if c 1 (s) is a basic class of X, then on X 1 we get new basic classes of the form c 1 (s)+n[T 1 ], whereas our new basic classes on X 2 are of the form c 1 (s)+n[T 2 ]. However, the diffeomorphism of X 1 to X 2 induces an automorphism of H 2 (X) that takes [T 1 ] to [T 2 ] (and consequently takes SW X1 to SW X2 ).
In the case at hand, where ∆ K1 = ∆ K2 and we want to show X K1 is not diffeomorphic to X K2 , we will need to associate to each element of Z[H 2 (X)] a quantity that is invariant under automorphisms of
and φ is an automorphism of Z[H 2 (X)], (which is the linear extension of an automorphism of
as the number of elements of the form φ n (α) or φ n (α) for any n ∈ Z that can be factored out of x counting multiplicity. This is a well defined invariant because Z[H 2 (X)] is a UFD. Moreover, Γ has the following basic properties:
, and α has more than one term in its (unique) expansion as
Proof. Only the third property deserves further comment. It is sufficient to show that if φ n (α) or φ n (α) can be factored out of β, then these factors are equal to α or α.
Suppose, first of all, that φ n (α) can be factored out of β. Since β can be factored
is too (at least for the indices i corresponding to non-zero terms in the sum), and since the summation must have more than one term by hypothesis, we can find uφ
and this implies that [T ]
, and hence φ n (α) = α or α.
The same proof works when β has a factor of the form φ n (α).
These properties are sufficient to prove theorem 2.
Proof of Theorem 2. To simplify our notation, write ∆ K for ∆ K (2[T ] ). Assume ∆ K1 = ∆ K2 but that X K1 is diffeomorphic to X K2 . We will derive a contradiction. According to the knot surgery formula, the Seiberg-Witten invariants of X K1 and
Claim. If ∆ K1 = ∆ K2 , then (without loss of generality) there is an irreducible factor α of
Proof. The only way this can fail to be be true is if there exists a factor α of ∆ K1 that is not present in ∆ K2 with the same multiplicity, but the sums of the multiplicities of α and α in ∆ K1 and ∆ K2 are the same. This cannot happen because Alexander polynomials are symmetric: there exists a factorization such that the multiplicity of any factor α is equal to the multiplicity of α (this is trivially true if α = α).
For this choice of α, via property (iii), this claim implies that Γ α,φ * (∆ K1 ) > Γ α,φ * (∆ K2 ).
To the equality φ * (SW X · ∆ K1 ) = SW X · ∆ K2 we apply Γ α,φ * (here shorthanded as Γ) and use properties (i) and (ii) above:
This, however, contradicts our choice of α. Remark 1. An essential hypothesis of this theorem was that H 2 (X) be torsion free: Otherwise Z[H 2 (X)] is not a UFD and we cannot define Γ. Note, however, that in the case H 2 (X) has torsion, the same proof can be carried out as long as the image of SW X in Z[H 2 (X)/tor] is non-trivial. Simply replace every instance of Z[H 2 (X)] above with Z[H 2 (X)/tor].
Remark 2. Fintushel and Stern have applied the knot surgery technique on nullhomologous tori to produce exotic embeddings of surfaces in a 4-manifold, [2] [3] . This process is called rim-surgery. The above proof can also be applied to rim surgery to show that any two knots with different Alexander polynomials will give rise to inequivalent rim-surgeries. The details for the relevant Seiberg-Witten invariant can be gleaned from [4] .
